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Symmetry, Multistability, and Long-Range Interactions in Brain Development
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An analytically tractable class of dynamical models for the pattern of contour detecting neurons in the
visual cortex is introduced. A permutation symmetry of the model equations guarantees the emergence of
contour detectors for all stimulus orientations. By this symmetry a large number of dynamically
degenerate solutions exist that quantitatively reproduce the experimentally observed patterns. Long-range
interactions are essential for the stability of these realistic solutions.
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FIG. 1 (color online). (a) ECPs. Preferred stimulus orienta-
tions are color coded [see bars in (b)]. Diagrams show positions
of active mode wave vectors. For n � 3, 5, and 15, there are 2, 4,
and 612 different ECPs, respectively. (b) Orientation preference
map in cat area 17 (data: S. Löwel, IfN Magdeburg, Germany).
Arrows pinwheel centers. Scale bar 1 mm. (c) Pinwheel densities
(dots) of ECPs for n � 3–17 (� � 1). Bar: band of pinwheel
densities for n! 1.
It is a long-standing hypothesis that the architecture of
the brain’s visual cortex, which underlies our ability to see,
emerges through a dynamical, learning driven process [1].
In the young brain, neural activity and visual experience
guide a continuous refinement of neuronal circuits by
synaptic plasticity, the basic neuronal learning mechanism
[2]. It has been proposed to model the resulting progressive
refinement of the visual cortical architecture by a dynamics
of visual cortical selectivity patterns [3–7]. Within this
framework, spontaneous symmetry breaking explains
how cortical neurons initially exhibiting relatively unse-
lective responses become selective for specific features of
visual stimuli [3]. After symmetry breaking, ongoing im-
provement may result in the convergence of the cortical
architecture to a stable stationary state [4], constituting an
attractor of the visual system’s learning dynamics. Because
the development of the visual cortical architecture is in
many respects reminiscent of dynamical pattern formation
in physical systems far from equilibrium [8], it is natural to
ask whether this process might be modeled by dynamical
equations for macroscopic order parameters, as often
proved successful and instructive in simpler pattern for-
mation problems.

In this Letter, I introduce an analytically tractable class
of model equations for the formation of the spatial pattern
of contour detecting neurons in the visual cortex, called the
orientation preference map (OPM). Functional brain imag-
ing has revealed that the spatial structure of OPMs is
aperiodic but roughly repetitive with a characteristic wave-
length in the millimeter range (see, e.g., Ref. [9]) and that
OPMs contain numerous singular points, called pinwheel
centers [10] [Fig. 1(b)]. The class of model equations
introduced in the following has solutions that qualitatively
and quantitatively resemble the experimentally observed
patterns. Its construction is based on the requirement that
the visual cortex must develop detectors for contours of all
orientations. Assuming a supercritical bifurcation, this is
guaranteed near criticality by a permutation symmetry of
the model equations. This symmetry implies the existence
of a large number of dynamically degenerate solutions that
are qualitatively very similar to OPMs in the visual cortex.
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Further analysis reveals that, judged by their pinwheel
densities, these patterns even quantitatively resemble ex-
perimentally observed OPMs. The stability boundaries of
various solutions are calculated in a simple model equation
incorporating long-range interactions, a key feature of
visual cortical processing. Long-range interactions are
found to be essential for the stability of realistic solutions.
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http://dx.doi.org/10.1103/PhysRevLett.95.208701


PRL 95, 208701 (2005) P H Y S I C A L R E V I E W L E T T E R S week ending
11 NOVEMBER 2005
The spatial structure of an OPM can be completely
characterized by a complex valued field z�x� where x
denotes the 2D position of neurons in the visual cortex,
#�x� � arg�z�x��=2 their preferred stimulus orientation,
and the modulus jz�x�j is a measure of their selectivity
[3]. In this representation, pinwheel centers are zeros of the
field z�x�. The simplest models for the formation of OPMs
are defined by a dynamics of the field z�x; t�

@tz�x; t� � F�z��; t��; (1)

where t denotes time and F�z��; t�� is a nonlinear operator.
This operator represents the average change of the OPM
induced by an ensemble of activity patterns [4]. It is
hypothesized that the refinement of the visual cortical
architecture represents an optimization process. To incor-
porate this hypothesis, only variational dynamics are con-
sidered in the following. Boundary effects are neglected by
considering a cortical area of infinite size.

The dynamics Eq. (1) can be characterized by symmetry
assumptions and the phenomenology of cortical develop-
ment. Within the cortical layers there are no special loca-
tions or directions [11]. The operator F�z��; t�� should thus
be equivariant under translations T̂yz�x� � z�x� y� and
rotations R̂�z�x� � e2i�z���x� with rotation matrix ��

[7]. For simplicity, symmetry under global shifts of pre-
ferred orientation F�ei�z� � ei�F�z� is also assumed.
These assumptions imply that the homogeneous unselec-
tive state z�x� � 0 is a fixed point and that a power series
representation of F�z� contains odd terms only:

F�z� � L̂z� N3�z; z; �z� � N5�z; z; . . .� � � � � : (2)

In Eq. (2) these are written using �2i� 1�-argument op-
erators N2i�1�v1; v2; . . . ; v2i�1� linear in each argument.
The orientation shift symmetry implies that �i� 1� of
these arguments are z, whereas the remaining i are its
conjugate, �z. Experimentally, it is observed that OPMs
emerge from an initial state of relatively low selectivity
zinit�x� � 0 and early on exhibit wavelengths similar to that
of the final state [12]. This behavior is reproduced if Eq. (1)
exhibits a finite wavelength instability, i.e., if the spectrum
of eigenvalue ��k� of the linear operator �L exhibits a single
positive maximum r � ��kc�> 0 at nonzero critical wave
number kc. Simple model equations fulfilling this require-
ment are thus of the Swift-Hohenberg (SH)–type with
L̂SH � �r	 �k2

c �r
2�2�.

The dynamics Eq. (1) describes the formation of a map
that contains all orientations. It is, however, easy to see that
this equation always has stationary solutions that are real
valued or—more generally—contain only two orienta-
tions. If such solutions were stable, the developmental
dynamics might then lead to the formation of a system
blind to most stimulus orientations. Because it is a funda-
mental requirement that the visual cortex must develop
detectors for all orientations, these solutions ought to be
unstable in every plausible candidate model.
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Interestingly, if the bifurcation is supercritical, this
fundamental requirement can be satisfied near criticality
(r
 1) by the permutation symmetry

N3�u; v; w� � N3�w; u; v�: (3)

This is found by considering the stability of planforms
z�x��

Pn
j�1Aje

ikjx with an even number n of active modes
with amplitudes Ai and kj � kc� cos�2�j=n�; sin�2�j=n��.
By symmetry, the dynamics of the amplitudes Aj at thresh-
old has the form

_A i � Ai 	
Xn
j�1

gijjAjj
2Ai 	

Xn
j�1

fijAjAj	 �Ai	 ; (4)

where j	 denotes the index of the mode antiparallel to
mode j, kj	 �	kj, and the coefficients gij��1	

1
2�ij��

g�j�i	�jj� and fij � �1	 �ij 	 �i	j�f�j�i 	 �jj� de-
pend only on the angles j�i	�jj between modes i and j.
Equation (4) have solutions representing only two contour
orientations. For instance, there are real valued solutions
Aj � a0ei�j with �j � 	�j	 and a	2

0 �
P
j�gij � fij�

containing only two orientations, horizontal and vertical.
The angle-dependent interaction functions g��� and f���
are obtained from F�z� by a multiscale expansion [8] as

g��� � 	e	ik0x�N3�eik0x; eih���x; e	ih���x�

� N3�eih���x; eik0x; e	ih���x��; (5)

f��� � 	1
2e
	ik0x�N3�e

ih���x; e	ih���x; eik0x�

� N3�e
	ih���x; eih���x; eik0x��; (6)

where k0 � kc�1; 0� and h��� � kc� cos���; sin����. Both
functions are assumed to be positive. Whereas f��� is �
periodic, g��� is 2� periodic in general. The permutation
symmetry Eq. (3), however, implies g��� � g��� ��.

The instability of two orientation solutions in permuta-
tion symmetric models follows from the fact that with
permutation symmetry the interaction function g��� is �
periodic. Writing the moduli of the amplitudes jAjj �
a0 � �aj, the linearized dynamics of the deviations �aj
is � _ai � 	a

2
0

P
jĝij�aj with ĝij � 2gij � fij � fij	 �

�ij	
P
kfik. If a pair of modes �i; j� satisfies ĝij > ĝii, then

the matrix ĝij has a negative eigenvalue implying that the
two orientation solution is unstable. To demonstrate the
instability of two orientation solutions, consider a pair of
antiparallel modes j � i	. For such a pair, the instability
condition is fulfilled if gii	 � g���> gii � g�0�=2. With
g��� � g�0� this holds in general, and the pathological two
orientation solutions are unstable. As shown in the follow-
ing, all orientations are contained in stable solutions of
permutation symmetric models.

What are potential attractors of a permutation symmetric
dynamics? At criticality, a large set of candidate solutions
is given by the planforms z�x� �

P
jAje

iljkjx with n wave
vectors kj � kc� cos�j�=n�; sin�j�=n�� (j � 1; . . . ; n) dis-
tributed equidistantly on the upper half of the critical circle
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FIG. 2 (color online). Transition to pinwheel-rich ECP attrac-
tors at g � 1 in the long-range regime (	 � 3�). (a)–
(c) Numerically obtained solutions of the SH model Eq. (7).
Initial conditions identical in (a) and (b); (c) starts from the final
state of (a).
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and binary variables lj � �1 determining whether the
mode with wave vector kj or with wave vector 	kj is
active. These planforms cannot realize a real valued func-
tion and are called essentially complex planforms (ECPs)
in the following. Representative examples of uniform
ECPs (jAjj � a0) are displayed in Fig. 1(a). For n 
 3
there are multiple planforms for fixed n that are not related
by symmetry operations and each planform exhibits a large
number of pinwheels with pinwheel densities differing
among planforms. For n 
 4 the patterns are spatially
quasiperiodic resembling experimentally observed OPMs
[Fig. 1(b)] for n 
 10.

Permutation symmetric models exhibit a potentially ex-
ceedingly high number of multistable solutions. This is
revealed by examining the stability of ECPs to uniform
perturbations. For an ECP, the third term of the general
amplitude equations Eq. (4) vanishes and the effective
amplitude equations for the active modes reduce to a
system of Landau equations _Ai � Ai 	

P
jgijjAjj

2Ai. By
Eq. (3), its coefficients gij / g��i	 j��=n� �lj 	
li��=2� � g��i	 j��=n� are independent of the variables
lj that identify a particular ECP. Consequently, the sta-
tionary amplitudes jAjj � a0 � �

P
jgij�

	1=2 of all ECPs
with n active modes (n-ECPs) and their internal stability
properties are identical at criticality. This is found also for
their energies Un � 	

n
4 =
P
jgij, which depend only on the

coefficients gij, and for their external stability [13]. Thus,
although different n-ECPs can differ substantially in spa-
tial layout including the density of pinwheel defects, the
permutation symmetry Eq. (3) implies that they have de-
generate energies and stability properties. As a conse-
quence, if one n-ECP is stable, all others are stable as well.

Intriguingly, ECPs with a relatively large number of
active modes mimic OPMs in the visual cortex even quan-
titatively. Pinwheel densities � of visual cortical OPMs
range mostly between 2–3.5 in units �	2 and exhibit a
considerable degree of interindividual variability [14].

The pinwheel densities �i of various ECPs are shown in
Fig. 1(c). The pinwheel densities of ECPs can be exactly
evaluated in the large n limit, because for n! 1 local,
linear functionals of z�x� have Gaussian statistics. The
pinwheel density of an n-ECP then is ���� �

��������������������
�2 	 8�2

p
and depends through � � 1

4n j
P
jljkjj � 1 on the configu-

ration lj of the active modes, which highlights strong
variability among different n-ECPs. Figure 1(c) shows
that for n � 15 pinwheel densities fill a band of values
between 1.5 and 3.5 with the majority of values between 2
and 3.5. Thus, quantitatively, pinwheel densities of ECPs
with an intermediate to large number of active modes agree
very well with the experimentally observed range. Because
by permutation symmetry no n-ECP is energetically fa-
vored, permutation symmetric models offer a natural ex-
planation for the experimentally observed substantial
variability of pinwheel densities.

To reveal in which kind of model large n-ECPs are
dynamically selected, it is instructive to consider a simple
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model equation. To select a biologically plausible form of
the nonlinearity, assume that N3�z�x�� can be decomposed
into a local component Nloc

3 / jz�x�j
2z�x� and a nonlocal

component Nlr
3 �z�x�� /

R
d2y�z�y� 	 z�x��W�x; yjz� with a

positive definite connectivity functionW�x; yjz�measuring
the coupling strength of neurons at locations y and x given
the OPM, z. Choosing W / exp�	 jy	xj2

2	2 	
jz�y�	z�x�j2

	2
z
�

mimics the patchy orientation-selective long-range con-
nectivity of visual cortical neurons while neglecting the
effects of axial selectivity [15]. The relevant third order
terms can then be cast in the form

N3�z�x����1	g�jz�x�j2z�x�	
2	g

2�	2

�
Z
d2y

�
jz�y�j2z�x��

1

2
z�y�2 �z�x�

�
e	jy	xj2=2	2

(7)

where the nonlocal term is a cubic two point operator that
satisfies all four symmetries and has the energy functionalR
d2xd2y�jz�x�z�y�j2 � 1

2 z�x�
2 �z�y�2�e	jy	xj2=2	2

. In Eq. (7)
the parameter 	 is the range of nonlocal interactions and
the coupling parameter g determines whether the local
(g > 1) or the nonlocal term (g < 1) stabilizes the dynam-
ics. The resulting angle-dependent interaction functions
are g��� � g� �2	 g�e��� and f��� � 1

2g��� with
e��� � 2 exp�		2k2

c� cosh�	2k2
c cos����.

Large n-ECPs are selected if the dynamics is stabilized
by long-range nonlocal interactions (g < 1; 	 >�). This
is illustrated in Fig. 2 by numerical simulations of the
Swift-Hohenberg model @tz � L̂SHz� N3�z� defined by
Eq. (7). In Fig. 3 the regions of parameter space in which
n-ECPs exhibit minimum energy are displayed. Whereas
for g > 1 and for short-ranged interactions pinwheel-free
stripe patterns exhibit minimal energy, they lose stability at
a critical line g�1�	�. Below this critical line, n-ECPs with
several active modes are stable and exhibit minimal energy.
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FIG. 3 (color online). Phase diagram of the SH model Eq. (7)
near criticality. The graph shows the regions of the g-	=� plane
in which n-ECPs have minimal energy (n � 1–25, n > 25 dots).
Inset: stability region of n-ECPs for n� 1.
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In the long-range regime, the number of active modes
of stable n-ECPs grows linearly with the interaction range
nstab � 2�	=�. This is found by considering the stability
domains of n-ECPs in the large n limit. The domains of
stability of n-ECPs are bounded by two instabilities.
First, n-ECPs can become internally unstable with re-
spect to amplitude perturbations of the active modes.
Second, n-ECPs can become externally unstable with re-
spect to the growth of additional modes on the critical
circle. The corresponding stability borders g�i and g�e
bound the stability region towards low values and high
values of the interaction range 	, respectively. For n� 1,
these stability borders are given by g�e�	kc=n��1	

�e��
2=8��	kc=n�2=2	1�	1 and �2	g�i �	kc=n��

	1�
���
2
�

q
n
	kc
�P

1
j�	1e

	2�j	1=2�2�n=	kc�2 with n-ECPs stable for
g�i �	kc=n�> g> g�e�	kc=n� (inset of Fig. 3) [13]. Be-
cause of the dynamical degeneracy of different n-ECPs,
this also implies that for g < 1 the number of attractors
grows combinatorially with increasing interaction range.

What does the theory presented above teach us about
visual cortical development? First, it demonstrates that the
formation of spatially irregular OPMs can be successfully
modeled as a dynamical optimization process. In homoge-
nous, spatially extended systems, relaxation towards the
minima of an energy functional often implies the emer-
gence of regular states exhibiting long-range order [8]. The
seemingly disordered structure of OPMs might thus be
taken to indicate that frozen randomness rather than a
functional optimization principle governs the layout of
the maps. In fact, in many optimization models considered
in the past irregular states only occur transiently and with
progressive relaxation decay either to pinwheel-sparse
states [4] or to crystalline arrangements of stable pinwheels
[5]. The model class introduced above intrinsically pos-
sesses a multitude of spatially aperiodic solutions of real-
istic defect densities demonstrating that such states can
be produced and sustained by optimization. Second, the
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theory predicts that long-range intracortical interactions
shape the spatial layout of OPMs. The example analyzed
highlights the fact that in this model class realistic solu-
tions are selected near criticality only if long-range effec-
tive interactions are present in the dynamics. Finally, the
theory predicts a novel discrete multistability of visual
cortical pattern formation. It is intimately linked to the
functional requirement of representing all stimulus orien-
tations. This kind of multistability might have profound
implications for visual development and plasticity. If it is
exhibited by visual cortical circuits, biological factors
influencing cortical development such as genetic informa-
tion, spontaneous activity patterns, and visual experience
cannot write arbitrarily structured orientation representa-
tions but have to choose from a discrete repertoire of stable
patterns that is an emergent collective property of the
cortical learning dynamics.
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